TOPOLOGICAL TRANSITIVE ABELIAN SUBGROUPS OF 

GL(n,M) | 



ADLENE AYADI, HABIB MARZOUGUI, EZZEDDINE SALHI 

Abstract. We give a complete characterization of abelian subgroups 
of GL(n, K) with a locally dense (resp. dense) orbit in W 1 . For finitely 
generated subgroups, this characterization is explicit and it is used to 
show that no abelian subgroup of GL(n, R) generated by [^^-] matrices 
can have a dense orbit in R n . ([ ] denotes the integer part) 



1. Introduction 

Let M n (R) be the vector space of square matrices over R of order n > 
1, GL(n, R) be the group of all invertible elements of M n (R) and let G 
be an abelian subgroup of GL(n,R). If G has a finite set of generators, 
then it is said to be finitely generated. There is a linear natural action 
GL(n,R) x R n — > R n : (A,v) i — ► Av. For a vector v £ R n , denote by 
G(v) = {Av : A £ G} C R n the orbit of G through v. The orbit G(v) is 
locally dense in R n if the closure G(v) has no empty interior. It is dense in 
R n if G(v) = R ra . In this paper, we are concerned with the existence of a 
dense orbit for the linear natural action of G on R n in which case, G is said 
to be topological transitive. 

The authors gave in [2] a characterization of abelian subgroups of GL(re, C) 
that are topologically transitive. This paper can be viewed as a continuation 
of that work for the real case. 

We give in Section 8, examples of abelian topological transitive subgroup 
of GL(2,R) (resp. GL(4, R)). Examples of non abelian topological transi- 
tive subgroups of GL(2,R) were constructed in [3], [5], (see also [6]): Dal'bo 
and Starkov gave in [3], an example of an infinitely generated non abelian 
subgroups of the special linear group SL(2, R) (i.e. consisting of matri- 
ces having determinant 1) with a dense orbit in R 2 . However, there are 
no abelian finitely generated subgroup of SL(2, R) which are topological 
transitive. (See Corollary 19 .7p . 
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Notice that if G is a subgroup of the orthogonal group U n (R) (consisting 
of matrices preserving the usual inner product) then every orbit G{y) of G 
is contained in a sphere and so, G(v) is not dense in R n . 

To state our main results, we need to introduce the following notations 
and definitions: 

A subset E C R™ is called G-invariant if A(E) C E for any A G G; that 
is E is a union of orbits. If U is an open G-invariant set, the orbit G(v) C U 
is called minimal in U if G(v) n U = G(w) n J7 for every w G H C7. 

Denote by 

• K = R or C 

• K* = K\{0} and N = N\{0}. 

Let n G No be fixed. For each m = 1, 2, . . . , n, denote by 

• T m (K) the set of matrices over K of the form 



• T^(K) the group of matrices of the form (1) with \i / 0. 

• T+ (M) the group of matrices over R of the form (1) with fj, > 0. 
For each 1 < m < ^, denote by 

• B m (R) the set of matrices of M2 m (R) of the form 



A* 

a.2,1 







(1) 



"m,m-l M 



c 







: C, Cjj G S, 2 < i < m, 1 < j < m - 1 



(2) 



Ci 



m,m— 



i c 



where S is the set of matrices over R of the form 



a f3 
-f3 a ' 



• B^(R) := I m (l) n GL(2m, R), it is a subgroup of GL(2m, R). 
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Let r, s £ N and 



(ni, . . . , n r ; mi, ... , m s ) if rs / 0, 
?? = < (mi, . . . , m s ) if r = 0, 

(ni, . . . , n r ) if s = 



be a sequence of positive integers such that 



(ni H h n r ) + 2(mi H 1- m s ) = n. (3) 



In particular, r + 2s < n. 
Write 

• JC v>rtS (R) := T ni (K) • • • T„ r (R) © B mi (R) © • • • © B ms (R) . In par- 
ticular: 

- If r = 1, s = then /C^,i i0 (M) = T n (R) and 77 = (n). 

- If r = 0, s = 1 then /C^ !l(R) = B m (R) and r? = (m), n = 2m. 

- If r = 0, s > 1 then'/C r)i0 , s (R) = B mi (R) © ••• © M ms (R) and 7/ = 
(mi, . . . ,m s ). 

• fC* >r>s (R) :=X; ws (R)nGL(n, R). 

• /C+. S (R) :=T+(R)©---©T+(M)©B^(R)©---©B^ s (R). 
For a vector v G C ra , write 

• Re(u), Im(?j) G R n so that v = Ke(v) + ilm(v). 

• exp : M n (R) — > GL(n,R) is the matrix exponential map; set exp(M) = 
e M . 

Given any abelian subgroup G C GL(n,R), there always exists a P G 
GL(n,R) and a partition r\ of n such that G = P~ 1 GP C /C* S (R). (See 
Proposition 12. 6p . For such a choice of matrix P, we let 

- g = exp-^G) n [P(X; j , jr , s (R))P- 1 ]. If G C /C* jrjS (R), then we have 
g = exp- 1 (G)n/C w (R). ' 

- g M = {Bu : Beg}, ue R n . 

- G + := Gn /C+ r>s (R), if r > 1 and G+ = G if r = 0, it is a subgroup of G. 

- G 2 = {A 2 : A € G} 

- g 2 = exp-^G 2 ) n [P(/C r? , r , s (R))P- 1 ] 

• Let M G G, one can write M := P _1 MP = diag(Mi, . . . , M r ; Mi, ... , M s ) G 
/C* jS (R). Let //jt be the eigenvalue of M^, fc = 1, . . . ,r, and define the index 

ind(G) of G to be 
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ind(G) := 



0, if r = 



1, if 3M G G with m < 
0, otherwise 



, «/ r = 1 



card j/c G {1, . . . , r} : 3M G G, with ^ < 0, m > 0, V i / A;} , i/ r (£ {0, 1}. 

(card(.E) denotes the number of elements of a subset E of N). 
In particular, 

- If G C /C+. ja (R), then ind(G) = / r. 

- If G C B^(M), then ind(G) = (since r = 0). 

We define the index of G to be ind(G) := ind(G). Obviously, this defini- 
tion does not depend on P. 

Denote by 

• Bq = (ei, . . . , e n ) the canonical basis of K n and by the identity matrix. 

• u = [ei,i,...,e r x,fi,i,---,f s ,i] T G Rn wn ere for k = l,...,r, / = 
l,...,s, 

e fc ,i = [1,0,..., 0] T € 

and 

/,,i = [l,0,...,0] T € 



• Vq = Pu - 



. /( i ) = [o 1 ... ) 0,/f,..,/ s ( Tel" 

where for i = 1, . . . , r; j = 1, . . . , s: 

(0= fOGM 2 ^ if j^l, 

/j \[0,1,0,...,0] T G ]R 2m ' if j = Z. 

r 

An equivalent formulation is /W = et 1 , . . . , = et, where t\ = n j + 2, 

r /-l 

*l = E"j + 2E"*i + 2, / = 2,...,s. 

For a finitely generated subgroup G C GL(n, M), let introduce the follow- 
ing property. Consider the following rank condition on a collection of matri- 
ces Ai, . . . , A p G /C^^IR): We say that Ai, . . . , A p satisfy the density prop- 
erty if there exist B\, . . . , B p G K, VjrjS (R) such that A\ = e Bl , . . . , A 2 V = e B p 
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and for every (si, . . . , s p ; ti, . . . , t s ) £ Z p+S \{0}: 



rank 



Biuo, 
si, 



B p u 2tt/( 1 ), 



n + 1 



Our principal results can now be stated as follows: 

Theorem 1.1. Let G be an abelian subgroup of GL(n, R). The following 
properties are equivalent: 

(i) G has a locally dense orbit in R n 

(ii) The orbit G(vq) is locally dense in R ra 

(iii) g„ is an additive subgroup dense in R n 

Corollary 1.2. Let G be an abelian subgroup of GL(n,M) and P 6 GL(n,M) 
so that P~ 1 GP C /C* S (R), for some 1 < r, s < n. The following properties 
are equivalent: 

(i) G is topological transitive. 

(ii) G(vq) is dense inW 1 . 

(iii) g„ is an additive subgroup dense in R n and ind{G) = r. 

Corollary 1.3. (i) Let G be an abelian subgroup o/B*(R). If g ei is an 
additive subgroup dense in M? n then G is topological transitive. 
(ii) Let G be an abelian subgroup o/T* (R). Ifg ei is an additive subgroup 
dense in W 1 and ind(G) = 1 then G is topological transitive. 

For finitely generated abelian subgroups G of GL(n, R), we have the follow- 
ing theorem: 

Theorem 1.4. Let G be an abelian subgroup of GL(n,M) and P 6 GL(n,M) 
so that P~ 1 GP C /C* r s (R) ; for some 1 < r, s < n. Let Ai, . . . ,A p generate 

G and let B±, ...,B p € g such that A\ = e Bl , . . . , A p = e Bp . The following 
properties are equivalent: 

(i) G has a locally dense orbit in R n . 

(ii) G(vo) is locally dense in R n . 

v s 

(iii) gl Q = ^ZiBkVo) + X^ttZP/W i s dense in R n . 

k=i i=i 

Corollary 1.5. Under the hypothesis of Theorem 1.4, the following proper- 
ties are equivalent: 

(i) G is topological transitive. 

(ii) P~ 1 A\P, . . . , P~ 1 A p P satisfy the density property and ind{G) = r. 

(iii) g^ = £ H B kV ) + E2vrZPfW is dense in R n and ind(G) = r. 

k=i 1=1 



ADLENE AYADI, HABIB MARZOUGUI, EZZEDDINE SALHI 



Corollary 1.6. LetG be an abelian subgroup of GL(n,M) and P € GL(n,M) 
so that P~ 1 GP C /C* r s (M). If G is generated by p matrices with p < n — s, 
then it has nowhere dense orbit. In particular, G is not topological transitive. 

Corollary 1.7. Let G be an abelian subgroup of GL(n,M): If G is generated 
by p matrices with p < [^5-^-], then it has nowhere dense orbit. In particular, 
G is not topological transitive. ([ ] denotes the integer part.) 



Remark 1. Corollaries 11,61 and 11,71 are not true in general if p > n — s 
(resp. p > f 1 ^]) as can be shown in Example 8.4. 

This paper is organized as follows: In Section 2, we introduce the trian- 
gular representation for an abelian subgroup of GL(n, R). In Section 3, we 
give some basic properties of the matrix exponential map and the additive 
group g associated to the group G. Section 4 is devoted to some proper- 
ties related to subgroups of lC* rs (M.) with a dense orbit. A parametrization 
of an abelian subgroup of T* (R) and some related properties are given in 
Section 5. Section 6 (resp. Section 7) gives some properties of the abelian 
subgroups of T*(K) (resp. /C* )S (R)) with locally dense orbit. The proof of 
Theorems 11.11 and 11.41 Corollaries 11.21 fl~3l 1 1 . 6 1 and 1 1 . 71 are done in Section 8. 
Section 9 is devoted to the special case n = 2 and some examples. In Section 
10 , we have included as an appendix, a detailed proof of some results in 
Section 3 seem rather difficult to find in the literature. 



2. Normal form of abelian subgroups of GL(n, R) 

In this section we introduce the triangular representation for an abelian 
subgroup G C GL(n, R). As noted in the introduction, this reduces the 
existence of a dense orbit to a question concerning subgroups of JC* S (R). 

Lemma 2.1. Let G be an abelian subgroup of GL(n,M). Then there exists 
a direct sum decomposition 

r q 

R n = 0£ fc ©0^ (i) 

k=l 1=1 

for some r, q, < r < n, < q < ^, where E^ (resp. F{) is a G- 
invariant vector subspace of W 1 of dimension nt (resp. 2mi), 1 < k < r 
(resp. 1 < I < q), such that, for each A G G the restriction (resp. A{) of 
A to Ek (resp. Fi ) has a unique real eigenvalue Xa^u (resp. two conjugates 
complex eigenvalues fj,A,i &nd~fI Al ). 
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Proof. Given A G G, let \a,u (resp. /j,a,i and T^z) be a real eigenvalue (resp. 
two nonreal conjugates complex eigenvalues) and Ea,h = Ker(A — \A,kIn) nk 
(resp. Fai = Ker ((A — fiA,i!n)(A — JiAjI n )) mi ) the associated generalized 
eigenspace. For any B G G, the space Ea,u (resp. i^j) is invariant under 
B. VI B restricted to Ea,u (resp. Fa,i) has two distinct real eigenvalues 
(resp. two non conjugates complex eigenvalues), then it can be decomposed 
further. The decomposition (1) is the maximal decomposition associated to 
all A G G. □ 



The restriction of the group G to each subspace (resp. Fi) can be put 
into triangular form (resp. in B mj (R)'s form). This follows from the Lem- 
mas 2.2 and 2.3 below. 



Lemma 2.2. Let G be an abelian subgroup of GL(n,K). Assume that every 
element of G has a unique eigenvalue. Then there exists a matrix Q G 
GL(n,K) such that Q~ l GQ is a subgroup o/T*(K). 



Proof. The proof is done by induction on n > 1. 

For n = 1, the Lemma is obvious. Suppose the Lemma is true for n — 1, 
n > 2, and let G be an abelian group of matrices in GL(n, K) having only 
one real eigenvalue. Then there exists a common eigenvector u £ K™ for 
all matrices of G. Let m, . . . , u n -\ 6 K n so that B := (ui, . . . , u n -±,u) is a 
basis of K n . Let P be the matrix of basis change from Bq to B. Then, for 
every A G G, we have 

" Ai 



P~ L AP 



La 



where ii € GL(n- 1,K), L4 = (a n ,i, . . . , a„ j7l _i) G Mi >n _i(K). 

Denote by Gi = {Ai : A G G}. One can check that G\ is an abelian 
group of matrices in GL(n — 1, K) having only one eigenvalue. By induction 
hypothesis, there exists Q\ G GL(n — 1, K) such that Qi l G\Q\ is a subgroup 
of T^^X). Set Q' = diag(Qi,l) and Q := PQ' G GL(n,K). Then Q G 
GL(n, K) and for every A G G, we have 

a; 



Q- 1 AQ = (Q')-\P' 1 AP)Q' 



L \a 



where 



A[ := QfMiQi = 



C2,l 

c„,i 



~"n,n—l 



Xa 



G T*_!(K) 



and L' := L^Qi G Mi jn _i(lK). Therefore and Q 
group of T* (K). This completes the proof. 



1 GQ is an abelian sub- 

□ 
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Let consider the following basis change: 

Assume that n = 2m, m £ No- For every k = 1, . . . , m, we let: 
u k = e2k - 1 ~ te2k and C = (ui, ...,u m , ul, . . . ,u^), where u = (zl, . . . ,z^) 
is the conjugate of u = (z±, . . . , z m ). Then Co is a basis of C 2m . Denote by 
Q G GL(2m, C) the matrix of basis change from £>o to Co- 



Lemma 2.3. Under the notation above, for every B € 
diag(^, ~B[) where B[ £ T m (C). 



, Q~ l BQ = 



Proof. Let B G 



B 



. Then B has the form: 
C 
C21 



where C 



a /3 
-P a 
every 1 < j < m, we have 



- Cm,l 

and C,- ,■ 



Cm,m— 1 C 



; 1 < j < i < m. For 



So 



Be 2 j-i = ae 2 j-i - (3e 2j + Y. ("fc^fc-i - Pk,je 2k ) 

k=j+l 
m 

Be 2j = /3e 2j -i + ae 2 j + X] {Pk,j&2k-i + a kij e 2k ) 

k=j+i 



e 2 j-i ~ ie 2 j 



1 1 m 

- ((a - 0)e 2 j-i - W + i«)e2j) + ~ X] (( a *J ~ ^k,j)e 2 k-i - {Pk,j + ia kJ )e 2k ) 



a — i(3\ f e 2 j-i — ie 2 j 



+ £ 

fe=j+i 



fc=j+i 
a k j - ip k „ 



e 2k -i - ie 2k 



Write A = and \ k j = ak ' j . It follows that for every 1 < j < m- 1, 



and 



k=j+l 



BUj = Xuj + ^2 ^k,jU k . 
k=j+l 
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In the basis Co = (ui, . . . , u m ; u±, . . . , u m ) of C 2m , Q l BQ = diag(i?[, B[) 
A 



where B[ 



^2,1 
A m ,l 



Arrt,m— 1 A 



e T m (C). 



□ 



Lemma 2.4. Ze£ G be an abelian subgroup of GL(2m,C) and let Cq := 
(v±, . . . ,v m ; vT,... ,v^) be a basis of C 2m . Then: 

(i) C := (Re(v i), Im(v i), . . . , Re(v m ), Im(v m )) is a basis o/R 2m . 

(ii) Set Pq (resp. P) be the matrix of basis change from Bq to Cq (resp. 
C). If for every B G G, P Q 1 BP = diag(Bi,^) with B 1 G T m (C) 
then P~ 1 BP G B m (R). 

Proof, (i) Let a\, . . . , a m , j3\, . . . , j3 m G R such that 

m m 

^a k Re{v k ) + ^2(3 k lm(v k ) = 0. 

So 



k=i 



k=i 



m m 

=l^ ak 2 2 

k=l ' k=l 



E Qfc ~ iPk v^ Qfc + iPk 
o v k ~r 9 



fc=l k=l 

Since Co is a basis of C 2m , — if3 k = a k + = for every 1 < k < m. So 
"fe = A = 0, for every 1 < k < m, this proves that C is a basis of R 2m . 

-l 



(ii) Write B' = P^BP = diag(5i, B{) G G' where 



Bi 



A 

A2,l 







G T m (C). 



Am,l • • • ^m,m—l A 

It follows that for every j = 1, . . . ,m — 1, 

m m 

Bvj = Xvj + ^k,jVk and BvJ = XvJ + XkjVk- 



k=j+i 



k=j+l 



Write v fc = a k + i6 fc , a fe A G W 1 , \ = a - i{3, X k j = a k j + i/3 k j with 
a,p,a kd ,p k>j G R. So a fc = ^ and 6 fc = Then 
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and 



Ba :i = B ( 2i±Sl 



\ fc=j+l / \ k=j+l J 

\ ( ( Xv j + Xv j) + ( X k,j v k + X k,jV k ) J 

V k=j+l J 

m 

(aoj - f3bj) + ^2 ( a k,ja k - Pk,jh) 
k=j+i 



Bbi = B -1 3 - 

' 2i 



1 / 

XW j + ^2 X k,f V k 
k=j+l 



V fe=j+i / 

m 

(ficij + abj) + ^2 {a k ,jb k + /3 k:j a k ) 
k=j+l 



Therefore 



where C = 

P~ X BP e 



a (3 
-(3 a 





- C 


BP = 






- Cm,l 


and Cij = 



*~"m,m—l 
—Ri,j a i,j 



; 1 < j < i < m. Hence 

□ 



Lemma 2.5. Let G be an abelian subgroup of GL(2m,M). Assume that 
every element of G has two conjugates complex eigenvalues with one element 
A £ G having two nonreal conjugates complex eigenvalues. Then there exists 
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a P G GZ(2m,R) sttc/i ffcai P~ X GP C (M) • • • B^ s (K), for some 
1 < s < m and mi, . . . , m s G No where mi + • • • + m s = m. 

Proof. We considered G as an abelian subgroup of GL(2m,C). Let A, A 
be two nonreal conjugates complex eigenvalues of A. Let F := K.er(A — 
A/2m) m denote the generalized eigenspace of A associated to A, so F := 
Ker(A — Xl2m) m is the generalized eigenspace of A associated to A and 
we have C 2m = F © F. It is plain that F and F are G-invariant. Let 
Co = (v\, . . . ,v m ) be a basis of F. So C := (v\, . . . ,v m ; TFj", . . . ,u^) is a basis 
of C 2m . Let P be the matrix of basis change from Bo to C. Then for every 
P G G, R- l BR = diag(^,lf) G GL(2m,C), where B[ G GL(m,C). We 
distinguish two cases: 

- Case 1: for every B G G, the restriction of B to F has only one eigen- 
value. 

Write G'i = {B[ : B G G}. Then all element of G^ has only one eigen- 
value. By Lemma [221 there exists a basis C' := (t> 1; . . . , v' m ) of F such that 
R^G^Ri C TJ^(C), where i?i is the matrix of basis change from Cq to C' . 
Hence, if R' = di&g(Ri,Rj) then G' = (R I )~ 1 R~ 1 GRR I C T^(C) © T^(C). 
It follows by Lemma that QG'Q- 1 C B^(R) and hence P _1 GP C 
B^(R) where Po = RR'Q 1 G GL(2m, C) is the matrix of basis change from 
Bo to C = (v[, . . . ,v' m ;v[, . . . , v' m ). By Lemma 12.41 if P is the matrix of 
basis change from Bo to C := (Ke(v' 1 ),Im(v' 1 ), . . . ,Re(v' m ),hiL(v' m )) then 
P G GL(2m,M) and P~ l GP C B^(R). 

- Case for every B £ G, the restriction of P to P has two distinct 
nonreal conjugates complex eigenvalues. Then P can be decomposed further 
so that 

F = Fi © • • • © F s is the maximal decomposition associated to all B G 
G where the restriction of every element of G to p has only one eigen- 
value. Write Fi = Fi® F\. Then we have C 2m = F\ © • • • © p. Let 
,i ) • • • j v i,mi i vi,i j • • • j v i,mi ) be a basis of F\ . Then 

C t = (Re(^ > i),Im(^ i i),...,Re(^ im; ),Im(^ jmi )) 

is a real basis of p. Let P G GL(2mz, R) denote the matrix of basis change 
from Bqi to Ci, where Bo,i is the canonical basis of C 2m ' and mi = dim(p). 
Therefore by the case 1, for every 1 < I < s, P^G.pPi C B^(R). Set 

C = (Ci, . . . ,C S ) and let Q G GL(2m,R) denote the matrix of basis change 
from Bo to C. It follows that 

P = Qdiag(Pi,...,P s ) G GL(2m,R) 

and 

P~ l GP C B* mi (R) © • • • © M* ms (R). 
This completes the proof. □ 
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Combining Lemmas 12.11 12.21 and 12.51 we obtain 

Proposition 2.6. Let G be an abelian subgroup of GL(n,M). Then: 

(i) E n = 0£ fc 0F ; for some r, s (0 < r < n, < s < § ), where 

k=l 1=1 

E)- (resp. F[) is a G-invariant vector subspace o/R n of dimension 
n& (resp. 2m{), 1 < k < r (resp. 1 < I < s). 

(ii) there exists a basis C = (C\, . . . ,C r ; B\, . . . , B s ) ofW 1 where (resp. 
B[) is a basis of (resp. F\) such that if P is the matrix of basis 
change from Bq to C, we have P~ l GP is an abelian subgroup of 
JC* r jS (M), where n = (n\, . . . , n r ; mi, ... , m s ). 



3. Matrix exponential map 

The following results follow from basic properties of the matrix exponen- 
tial map. (The proofs of Lemmas 13.11 and 13.41 Propositions 13.21 and 13.31 are 
given in Section 9). 

Lemma 3.1. Let B G M n (R) having one eigenvalue fi. Then: 

(i) Ker(B - al n ) = Ker(e B - e^I n ). 

(ii) ife B £ T+(R) then B £ T n (M). 

Proposition 3.2. exp(JC v ^ s (R)) = K,+ r>s (R). 

Proposition 3.3. Let A, B G )C VyryS (R). If e A e B = e B e A then AB = BA. 

Lemma 3.4. Let M £ T n (C) be nilpotent such that e M = I n . Then M = 0. 

Lemma 3.5 (g], Proposition 2.4). Let A, B G T n (C) such that AB = BA. 
If e A = e B then A = B + 2ik-irl n for some k G Z. 

Proposition 3.6. 

(i) Let A, B G T n (R) such that AB = BA. If e A = e B then A = B. 

(ii) Let A, B G l m (M) such that AB = BA. If e A = e B then A = 
B + 2kirJ m , for some k G TL where 

J m := diag(J 2 , . . . , J2) G GL(2m, R) and J 2 = ^ n . 
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Proof, (i) Let (jla (resp. (j,b) be the only eigenvalue of A (resp. B). Write 
A = A — \ijj. n and B = B — fisln- Then A and B are nilpotent ma- 
trices. Since e A = e B , we have = e^ B and then = [ib- It fol- 
lows that e A = e B . Since AB = BA, we have AB = BA and therefore 
e A ~ B = e A e~ B = I n . By Lemma E31 A = B and therefore A = B. 
(ii) Let Q G GL(2m,C) be the matrix of basis change from So to Co- 
By Lemma A' := = diag(A l5 A[) and 5' := Q-^Q = 

diag(^, B[) where A l5 € T m (C). Since e A = e B and AB = BA, 
we have A'B' = B'A' and e A ' = e B ' , so e A 'i = and A^ = B[A' V By 
Lemma 13,51 = -B^ + 2iknl m for some 4eZ and so A = B' + 2ik7rL m 
where L m := diag(J m , — J m ). It follows that A = B + 2k7rQ(iL m )Q~ 1 . 
Write J m = Q(iL m )Q _1 . We see that J m = diag(J2, . . . , J2) where J2 = 

^ ^ and therefore A = B + 2kTrJ m . □ 

We also require the following result: 

Proposition 3.7. ([7], Proposition 7', page 11) Let A G M„(R). T/ien i/ 
no too eigenvalues of A have a difference of the form 2mk, k G Z\{0}, £aen 
exp : M n (R) — )• GL(n, R) is a /oca/ diffeomorphism at A. 

As a consequence: 

Corollary 3.8. 27ie restriction exp/j n ^ : T n (R) — >• T*(R) is a /oca/ 
diffeomorphism, in particular it is an open map. 



Lemma 3.9. LetG be an abelian subgroup o//Ci ra (R). Theng = exp~ 1 (G)n 
}Cn ra (M.) is an additive subgroup of /C^ )r . s (R) . In particular, for every v G 
R n , g„ is an additive subgroup ofW 1 . 

Proof. HA, Be g, then e A e B = e B e A and e A ,e B G JC* rjS {R) n G. By 
Proposition E31 AB = BA So e^ 5 = e A e B G G and hence A + B G 
/^^(R). It follows that A + B G g. Moreover, if A G g, then e A G G and 
so e _j4 = (e A )~ l G G. Hence —A G g. This proves the Lemma. □ 

Let G be an abelian subgroup of )C* S (R). Denote by 

• C{G) := {A G K„, r , s (R) : AB = BA,' V B e G} 

• C(g) := {4 G /C„,^(R) : AB = BA, V 5 G g}. 

Lemma 3.10. Lei G 6e an abelian subgroup of fC* r s (M) . Under the notation 
above, we have: 

(i) exp(g) = G+. 

(ii) exp(C(G)) =C(G) nJC+.,(R) 
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(iii) C(g)=C(G+). 

(iv) g C C(g) and g C C(G), moreover, all matrix of g commute. 

Proof, (i) By Proposition 13.21 exp(g) C S (R), hence exp(g) C G + . 
Conversely, let A G G + . By Proposition 13.21 there exists -B G /(^^(R) so 
that e B = A. Hence S G exp _1 (G) n /(^^(R) = g, and then A G exp(g). 
So G + C exp(g), this proves (i). 

(ii) Let A = e B where B G C{G) and let G G G. Then 5G = G£ and 
therefore Ce B = e B C, or also AC = CA. It follows that A G C(G). Since 
-B G /C^ i7 . iS (R), so is A G /C+ r)S (R) by Proposition 3.2. Conversely, let 
A G C(G) n/C+ rjS (R). By Proposition there exists 5 G £ n ,r,s(R) so 
that e B = A. Let C G G. Then Ge B = e B G and hence e c e B = e B e c . Since 
B,C £ JCn >r>s {R), it follows by Proposition E31 that BC = CB. Therefore 
B G C(G) and hence A G exp(C(G)). 

(iii) Let £? G C(G+) and A G g. Then by (i), e A G G + and so e A B = 
Be A . It follows that e A e B = e B e A . Since A, B G /C n , r , s (R), it follows by 
Proposition O that AB = BA and therefore B G C(g). Hence C(G+) C 
C(g). Conversely, let B G C(g) and ^4 G G + . By (i) there exists G G g 
so that e c = A. Hence BC = CB and so Be c = e°B. It follows that 
5 G C(G+) and C(g) C C(G+). 

(iv) By Proposition 13.31 all elements of g commute, hence g C C(g). Let 
Beg and A G G, so e B G G + C G. As G is abelian, Ae B = e B A, hence 
e^e^ = e B e A . Since A, B £ /C njr . )S (R), it follows by Proposition 13.31 that 
AB = BA and therefore B G C(G)'. We conclude that gcC(G). □ 

4. Some results for subgroup of /C* S (R) 

We let 

( fl R* x R^- 1 J x ( n (R 2 \{(0, 0)}) x R 2m i" 2 ) , »/ r > 1 

[7 := i \ fc=1 ' Vi=1 J 

l](l 2 \{(0,0)})xl 2m '- 2 , ifr = 0. 

J=i 

Then U is dense in R n , connected if r = 0, and having 2 r connected com- 
ponents if r > 1. If G is an abelian subgroup of /C* r s (R) then a simple 
calculation from the definition yields that U is a G-invariant. 

Proposition 4.1. Let G be an abelian subgroup of IC* r s (M) . Then all orbits 
of G in U are minimal in U. 



To prove Proposition 14.11 we need the following lemmas: 
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Lemma 4.2 ([T], Corollary 3.3). Suppose G is an abelian subgroup o/T* (K). 
27ien /or every v, w E IK* x K n_1 arid any sequence (j4 m )meN C G swc/i 
t/iai lim = io, we /iawe lim = u. 



Notice that the notation S n (C) in [T] corresponds to our notation T* (C). 

Lemma 4.3. Let Q E GL(2m, C) 6e t/ie matrix of basis change from Bq to 
Co- Then for every u = [x\ + iy\, . . . , x m + % m ] T E C m , we /icwe Q(u,u) = 
[x\, yi, . . . , x m , y m ] T ■ In particular, Q(H) =M. 2m , where H := {(u,u) : u E 
<C m }. 



Proof. Let v = (u,u) *E H with u = [21, ... , z m ] T E C m . Write = Xj +iyj, 
Xj, yj E R, j = 1, . . . , m. We have 

m m 

u = + ir yk) e k + ^{xk ~ iyk)e m +k- 



k=l k=l 



Hence 



Since 



Qv = ^2(x k + iy k )Qe k + ^{x k - iyk)Qe m+k ■ 



k=l k=l 



Qe k 



u k , if 1 < k < m 
u k _ m , if m + 1 < k < 2m ' 



it follows that 



k=l \ - / k=1 



III 



= ( X fe e 2fe-1 + 2/A;e2A:) 
fc=l 

= \p^\ 1 VXi • • • 1 Xm > J/m] ■ 

In particular, we see that Q(H) = R 2m . □ 



Lemma 4.4. Suppose G is an abelian subgroup o/BJ^(R). Then for all 
v, w E (R 2 \{(0, 0)}) x R 2m_2 and any sequence (B k ) kGN C G such that 
lim B k v = w, we have lim B~^ l w = v. 

k— >+oo k— >+oo 
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Proof. Let v = [ Xl , yi , ... ,x m ,y m f with ( Xl , yi ) £ R 2 \{{0,0)}, w £ (M 2 \{(0, 0)}) x 
M. 2m ~ 2 and a sequence (B k ) ke jq C G be such that Urn B k v = w. Then by 

k— >+co 

Lemma 14.31 we have 

Q- 1 v = [x\ + iyi, ...,x m + iy m ; x\ - iyi, ...,x m - iy rn ] T G (C* x C m-1 ) 2 

where Q is the matrix of basis change from i3o to Co- Therefore Q~ l v, Q~ 1 w G 
(C* x C m_1 ) . From Zim SfcV = to, we have 

Zim Q' 1 B k Q(Q' 1 v) = Qr x w. 

k— >+oo 

By Lemma E31 Q~ X GQ C T^(C) T^(C), so by applying Lemma to 
the group Q~ l GQ, we obtain 

Zim (Q-^jfcQ)- 1 ^- 1 ™) = 

fc— >+oo 

and therefore Zim BZ^w = v. □ 



Proof of Proposition \4-l\ Let u £ U and u G G(-u) fl £7. Write 

u = [xi, . . . ,x r ; m, . . . ,u s ] T and v = . . . , y r ; v 1} . . . , v s ] T , 

so x k ,y k G K* x and u t , G (M 2 \{(0, 0)}) x R 2m '- 2 , k = 1, . . . , r, 
Z = 1, . . . , s. Let (A^pgN C G so that lira A p u = v. Write 

p— s>+oo 

Ap = diag(Ai iP , . . . , A r ^ p ] -Bi,p, . . . , B SiP ) 

where 

A k:P GT* nk (R), B l;P eW m (R), k = l,...,r, l = l,...,s. Therefore 

lim A kp x k = y k and lim Bi p ui = vi. 
p— »+oo ' p— >+oo ' 

By Lemmas 14.21 and 14.41 we have lim Az\y k = x k and Zim BZ^vr = ui. 

p-¥+oo re >P p— >+oo ''P 

So Zim A" 1 !; = w and hence u G n U . We conclude that G{u) DU = 

p— >+oo ' 

G(f ) n U. This completes the proof. □ 



Corollary 4.5. Let G be an abelian subgroup of lCt r jS (M) . -Z/G /ias a dense 
orbit in M. n then all orbits of G in U are dense in W 1 . 



Proof. Let u G W n so that G(u) = M n . Since U is a G-invariant open subset 
of M n , we see that u G U. Now, for every u £ [/, we have, by Proposition 14. T\ 
G(v)nU = G~(v)C\U = U. It follows that G(v) = R n since U = R n . □ 



Denote by 
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• T the subgroup of /C* r s (R) generated by (Sk)i<k<r where 
Sk := diag (ei^Im , • • • , £r,kln r ; h mi , • • • , ^2m s ) G £* )T 

I —1, if i = k . 
e, i.:=< , 1 < «, fe < r. 



Lemma 4.6. Zei G be an abelian subgroup of /C* (R) . Under the notation 
above, we have 



(i) C« : = Il^ x ^ nfc_1 x II (K 2 \{(0,0)}) x R 2m '" 

\fc=l / \l=l 

(ii) for every M G X^, r>8 (R), 5 fc M = MS k , k = l,...,r. 



(iii) f/:= U S(C U0 ). 

(iv) G+(u ) :=G(n )nC uo . 

(v) SC(G) C C(G) /or every S G T. 

(vi) i/ md(G) = r i/ien G(u ) n 5'((7 M() ) / /or every 5 £ T. 

Proof. Assertions (i), (ii) and (iii) are easier to prove. 

Proof of (iv): Let A = diag(^i, . . . ,A r ;A 1 ,. . . ,A S ) G G+ = G D /C+ 

Then 



A k 



Since 
and 



Afc 






(k) 

a 2,l 






(k) 
_°W,1 




(fe) 

a ra fc ,n fe -l 


Akek,i 


= [Afc 


a 2 ii • • • 



, A fc > 0, fc = 1,... ,r. 



,«Si] T eR* + x 



i i / i)1 e(R 2 \{(0,0)})xK 2 ^ 2 , 

it follows by (i) that Au = [A^i, . . . , A r e rA ; • • • , Afs,i\ T G C« 

and so G + (uq) C G(ito)nG no . Conversely, if A = diag(Ai, . . . , A r ; A\,. . . , A s ) G 



G and Au G G uo then A fc e fc) i = [A^a^j, . . . ,a^] r G R^ x ^ nk ' 1 , hence 
Afc > 0, and so A G G + . Therefore G(uo) n G uo C G + (uo). This proves that 
G+(u Q ) = G( Uo )nC uo . 

Proof of (v): Let B = diag(Bi, . . . , B r ; B\, . . . , B s ) G C(G) and 
i4 = diag(Ai,...,i4 r ;Ai,...,A a ) G G. 



,(*) IT 
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So AB = BA and thus A k B k = B k A k and A t Bi = BiA h k = 1, . . . , r; I 
1, . . . , s. Let 

S := Sj = diag (ei jl ni , e r jl nr ; J 2mi , . . . , / 2 m s ) , for some j = 1, . . . , 



Then 5-B = diag f SijBi, e r jB r ; Bi,..., B S J . Since e k jB k A k = A k e k:j B k , 
k = 1, . . . , r, j = 1, . . . , r, it follows that (SB)A = A(SB). This proves that 
SB € C(G). 

Proof of (vi): There are three cases: 

- If r = 0, then T = {/„} and obviously we have (vi): G(«o) n C uo 7^ 0. 

- If r = 1, then T = {S u /„}. Here C uo = xM" 1 " 1 x ( f[ (K 2 \{(0, 0)}) x M 2m *- 

\i=i 

By definition of ind(G), there exists B € G such that B\ has an eigenvalue 

pi < 0. So Bu e B(C U0 ) cR*_x R ni_1 x f f\ (K 2 \{(0, 0)}) x M 2 ™'" 2 

\l=i / 
Si(C Uo ), and thus G(uo) H S^do) 7^ 0, this proves (vi). 

-Ifr £ {0,1}, hereC U0 = ffl R + x M nfc -^ x (M 2 \{(0, 0)}) xR 2m '- 2 J. 

By definition of ind(G), for every 1 < k < r there exists B^ G G such 
that has only one eigenvalue [i k < and all its other real eigenval- 



ues m > 0, * / fc. So B^{C U0 ) = ( x M^- 1 ^ x (E"L x M^- 1 ) 



x 




" - 1 I x (J] (K 2 \{(0,0)}) x M 2 ^- 2 J = S k (C U0 ), thus G(u )n 

S k (C UQ ) 7^ 0, for every 1 < k < r and so G(uo)r\S(C Uo ) / 0, for every S £ T. 
This completes the proof. □ 



Lemma 4.7. ([lj, Corollary 1.3). Let G be an abelian subgroup of GL(n,M). 
If G has a locally dense orbit O in M. n and C is a connected component of 
U meeting O then O is dense in C . 

Proposition 4.8. Let G be an abelian subgroup of JC* rs (W). Then: 

o o 

(i) Gjup) / if and only if G+(u ) ^ 0. 

(ii) G(uq) = R n if and only if G+(uq) n C uo = C uo and ind(G) = r. 



Proof, (i) Suppose that G + (uo) 7^ 0. Since G + (uq) C G(uq), we see that 

o o 

G(uq) 7^ 0. Conversely, suppose that G(uq) 7^ 0. Then by Lemma 14.7} 

o 

G(uo)nC uo = C uo . From Lemma I3~6j (i), we have C UQ D C UQ . As G + (uo) = 

Oo o 

G(uq) nC Uo (Lemma l4T6l (iv)), then G + (uq) = C Uo D C Uo , hence G + (uq) 7^ 
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(ii) Suppose t hat Gjup ) = R n . By Lemma EM (iv), G + (u ) = G(u ) D 
C uo , and then G + (uq) n C Uq = G(uq) n C Uo n C Uo = C Uo . Now, suppose 
that ind(G) < r. Then there exists 1 < ko < r such that for every B = 
diag(f?i, . . . , B r ; B\, ... , f? s ) G G with G T nj . (R), A; = 1, . . . , r having an 
eigenvalue and 5; G B m; (R), Z = 1, . . . , s, we have //fc > or /ij < for 
some i fco- Therefore G(uq) C R n \C^ o fco where 

/feo-l \ 
C «o,fco := ( .11 M + x R n ' 1_1 J x (R* x R"^- 1 ) > 

fl (R 2 \{(0,0)}) x M 2m '- 2 ^ and thus R n \C' uoM = R", a contradiction. 

Conversely, suppose that G + (uq) n C uo = C uo and ind(G) = r. We have 
C uo C G+(u ) C GW. By Lemma SSl(vi), G(u ) n 5(C Uo ) / 0, for 
every 5 G I\ S o let v G G(n ) n (S(C U0 )) and w = S " 1 ^) G C uo . By 
Proposition SID n C Uo = G(uo) n C Uo , so n C Uo = C UQ . By 

Lemma EH (ii), G(u ) = G(y) = G(Sw) = S(G(w)). It follows that 




G(u Q ) n s(c uo ) = s (g(w) n c uo ) = s(G 



UQ)1 



and hence S{C UQ ) C G(uq). As U = [j S(C Uo ) (Lemma 14.61 (hi)), then 
Ser 

U C G(u ) and therefore G(u ) = M n since U = R n . □ 



Corollary 4.9. Let G be an abelian subgroup of IC* r s (R) . The following 
are equivalent: 

(i) GW = R" 

o 

(ii) G(ujj) / and ind(G) = r. 

Proof, (i) (ii) : results from Proposition 14.81 (ii). (ii) ==> (i): By 

Lemma SSI (iv), G+(« ) n C Uo = G(u ) n C„ and by Lemma SZ1 G(u ) n 
C Uo = C UQ . It follows that G + (uo)nC uo = C uo . Since ind(G) = r, it follows 
by Proposition S3 (ii) that G(u ) = R n . □ 

Lemma 4.10. Let G be an abelian subgroup o//C* rs (R). Then G has a 
dense (resp. locally dense) orbit if and only if G(uq) is dense (resp. locally 
dense). 



Proof. Suppose that G(v) is locally dense in R n , for some v G R n . Then 

G(v) n U 7^ 0, so v G U since U is a G-invariant, dense open set in R n . 

By Lemma [4.61 (hi), we have U = |J S(C UQ ), hence there is S G T such 

ser 

that v G S(C UQ ). Set v' := S~ 1 v G C U() . So, by Lemma [4.61 (h). we have 
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G(v') = S (G(v)), hence G(v') is a locally dense orbit in W 1 meeting C UQ , it 
follows that G(v') is dense in C UQ , by Lemma I47T1 and therefore uq G G(v'). 
By Proposition HTH G(ii ) n U = G(v') n f7 and so C Mo C G(u Q ). Therefore 
G(uq) is locally dense in M n . 

If G(u) is dense in R n then G(uq) is dense in R n by Corollary 14.51 □ 

5. Parametrization of a subgroup of T* (K) 

Assume that G is a subgroup of T*(K) and g = exp _1 (G) n T n (K). For 
n > 2 the group T*(K) is non abelian, so the assumption G is abelian 
imposes restrictions on how it is embedded in T*(K). While there is no 
general classification of the abelian subgroups of T*(K) for n large (see 
Chapter 3, [8]), under the assumption that G is "sufficiently large", there is 
a special canonical form for the matrices of G which yields a parametrization 
of an n dimensional subspace ^(K."") C T* (K) containing G. 
Recall that for a matrix B G T n (K), the matrix B = (B — ubIu) where 
Hb denote the unique eigenvalue of B, is a singular matrix, so has range of 
dimension at most n — 1. 

Introduce the vector subspaces of K n generated by the ranges of all the 
singular matrices B for B £ G (resp. g) 

F G := vect ^Ba : B G G, 1 < i < n- 1 } 

F g := vect jse; : Beg, l<i<n-l} 

Denote by rank(Fc) (resp. rank(F g )) the rank of Fq (resp. F g ). 

Lemma 5.1. ([I], Lemma 2.3) Let G be an abelian subgroup of T*(K). 
Under the notation above, let r = rank(-F(j), 1 < r < n — 1 and (v±, . . . , v r ) 
be a basis of Fg- Then for every u G W 1 , the vector subspace 

H u := vect(u,vi, . . . ,v r ) is G-invariant. Ln particular, Fg ■= Hq is G- 
invariant. 



Proposition 5.2. Let G be an abelian subgroup o/T*(K). //rankle) = 
n — 1 {resp. rank(i ? g ) = n — 1) then there exist injective linear maps 
ip:K n — > T n (K), (resp. ip : K n — > T n (K)) such that 

(i) for every v G K n , tp(v)e\ = v (resp. tp(v)e% = v). 

(ii) C(G) C if(K n ) (resp. C(g) C ^(R n )). 



Proof. For K = C, the proposition is proved in (j2], Proposition 5.1). For 
K = M, the proof is similar by the same methods. □ 
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Condition (i) asserts that the projection of the embedding <p (resp. ip) to 
the first column of the matrix is the identity map. 

Corollary 5.3. Under the hypothesis of Proposition X&M, we have: 

(i) (p(Bei) = B {resp. ip(Bei) = B) for every B E C(G) (resp. C(g)). 

(ii) p(G(ei)) = G {resp. ^{G{e x )) = G). 

(iii) (f(g ei ) = g (resp. f/>(g ei ) = §)• 

Proof, (i) Suppose that B € C(G). By Proposition 15.21 there exists v 6 K n 
such that = and so ip(v)e\ = v. Then Be\ = v and ip(Bei) = B. 
Analogous by Proposition 15.21 if B £ C(g), we have ip(Bei) = B. 
Assertions (ii) follows from (pQ, Lemma 4.2, iii)) if K = C since C(g) = C(G). 
If K = R, it follows from LemmaEEOl (iii) since G C C(G) (resp. G C C(g)j. 

Assertion (iii): If K = R then by (Lemma 13.101 (iv)), g C C(g) and 
g C C(G) and so by (i), ip(g ei ) = g and <p(g ei ) = g. For K = C, it is 
obvious. □ 



6. Locally dense orbit for subgroups of T*(K) 
Note that if G is an abelian subgroup of T*(K), U = K* x K n_1 . 



Lemma 6.1. Let G be an abelian subgroup o/T*(K). If G(e\) ^ (resp. 

o 

g77 7^ 0), then rank(i ? c) = n — 1 (resp. rank(_F g ) = n — 1). 



Proof. Suppose that G(e\) / 0. Let H ei be the vector subspace of K n 
generated by e\ and Fq- So by Lemma 15.11 H ei is G-invariant. Hence 



G(e\) C i? ei and therefore H ei ^ 0. Hence, ff ei = K n and so rank(i ? Gr) = 
n — 1. 

The same proof is true for F 9 in place of Fcr. □ 

Lemma 6.2. Let G be an abelian subgroup o/T*(C). Then every locally 
dense orbit of G is dense in C n . 



Proof. If O is a locally dense orbit in C n (i.e. O ^ 0) then O C U. Then 
O H U is a nonempty closed subset in U. Let's show that O (1 U is open 
in U. Let » £ OflP. Since O is minimal in U ([2J, Corollary 3.3) then 



On[/ = G(w)nf7. So,_Ont/ = G(v)nU^J). Then v G G(u)nc/ c onu. 
Since £/ is connected, O (1 U = U , so C n = U C O. □ 
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Lemma 6.3. Let G be an abelian subgroup o/T*(K). If G(e\) ^ (resp. 

o 

g^" 0) then there exists an isomorphism <p (resp. tp) from K. n to C(G). In 
particular, C(G) = ip(K n ) (resp. C(G) = ip(K n )). 



Proof. Suppose that G(e\) ^ 0. Then by Lemma 16.11 and Proposition 15.2} 
there exists an injective linear map ip : W 1 — > T n (K) such that C(G) C 
(p(K n ). Let's prove the inclusion (p(K n ) C C(G): 

Case K = C: By Corollary I5.3| (ii), we have (p(G(ei)) = G. Recall that 
here, uq = e\, U = C* x C n and by Lemma 1531 G(e\) is dense in U, that 
is U C G(e\). Then since 99 is continuous, we have <p(U) C (p(G(e\)) C 
(p(G(ei)) = G. Since C(G) is a vector subspace of M n (C), G C C(G) and 
thus v?(C/) C C(G). Since 17 = C n , </?(C n ) = ^ (77) C 1p(U) C C(G). As a 
consequence, C(G) = </?(C n ). 

Case K = R. By Corollary E3 (ii), we have tp(G(e x )) = G. Recall that 
here, uq = ei, U = M* x W 1 ^ 1 and C ei = x M n_1 is the connected compo- 
nent of U containing e\. By Lemma I4TTI G(ei) is dense in G ei hence G ei C 
G(e\). Since (/? is continuous, we have ip(C ei ) C 9j(G(ei)) C ip(G(e\)) = G. 
Since C(G) is a vector subspace of M n (M), G C C(G) and it follows that 
ip(C ei ) C C(G). Since 93 is linear, tp(— C ei ) = — <p(C ei ) C — C(G). As 
-C(G) = C(G) and = (-C ei ) U C ei , it follows that 

<p(U) = y(-C ei U C ei ) = p(-C ei ) U <^(C ei ) c C(G). 

Since 77 = M n , 99 = 99 (77) c 7^(77) c C(G). As a consequence, C(G) = 
(f(R n ). 

The same proof is given for tp. □ 
Corollary 6.4. Let G be an abelian subgroup o/T*(R). Then: 

o 

(1) J/ G(ei) ^ i/ien / := 99- 1 o exp /Tn(R) o ^ : IT — ► M n is well 
defined and satisfies 

(i) f is a continuous open map 

(ii) f(Bei) = e B e\ for every B E C(G). In particular, /(g ei ) = 
G+( ei ). 

(iii) r 1 (G+(e 1 )) = g ei . 

(iv) /(M n ) = G ei = R* + x l"- 1 . 

o 

(2) Ifg^ 7^ i/ien /i := ?/> ea; P/T„(iR) V' : ^™ — * ^ n * s weW defined 
and satisfies 

(i) h is a continuous open map 

(ii) h(Bei) = e B e\ for every B € C(g). In particular, h(g ei ) = 
G+( ei ). 

(iii) /i(R n ) = G ei = x R™ -1 . 

Proof. Proof of (1). (i): By Lemma l6.3j, (p : M n — > C(G) is an isomor- 
phism. By Lemma f3. 101 (ii), exp(C(G)) C C(G), so Lemma [6731 implies that 
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exp/ Tn(R )(^(M n )) C v?(R n ). Thus the map / := oexp /Tn(R) o ip : R n — > 
R n is well defined. 

(ii): By Corollary 13.81 ex P/T n (K) : T n (R) — > T*(R) is a local diffeomor- 
phism. Hence / is a local diffeomorphism and therefore / is a continuous 
open map. By Corollary 15.31 <f(Bei) = B, for every B G C(G). Therefore, 
for every B G C(G), we have 



f{Bei) = if, 1 exp /Tn(R) (B)) 

= <P~ X (e B ) 
= e B ei. 

(iii): Since (p(G + (ei)) = G + , (p~ 1 (g) = g ei and by Lemma [3TT0| expjj ^{G^ 
g, it follows that 

f- 1 (G + (e 1 )) = f- 1 [exp^ n(R) (^(G + ( ei )))" 

= <p~ 1 (exp^f n(R) (GH 

= ^ 1 (g) 



(iv): First, we have <p-\C(G) n X 
sition 15.21 (i) , for every v = [vi , . . . , v 



pn— 1 



: indeed, by Propo- 
£ R n , we have tp(v) G T n (R) and 



^(u)ei = so has the following form 

<p(v) -- 



Vl 
V2 



Vl 



v-i 



It follows that f(v) G T„ (R) if and only if t>i > 0, that is v G 
LemmaESl <^(R n ) = C(G), it follows that ^ 1 (C(G)nT+ 
Now, as if : R ra — > C(G) is an isomorphism then 

) = if' 1 exp /Tn(M) (C(G)) 

= ip" l {C{G) nT+(R)),by Lemma EEl (*») 

ted* v, iron— 1 



Xl 



• By 

in— 1 



Proof of (2). (i): Analogous to the proof of (1), the map 

h := V" 1 o exp /Tn(R) o V> : R n — ► R n 

is well defined and it is a local diffeomorphism, hence h is an open map. 
(ii): For every B G C(g) we have e B G C(G+) D T+(R) since C(g) = C(G+) 
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(Lemma 13.101 (iii)) and by applying Lemma T3.1CH (ii) to G + . As by Corol- 
lary E3J (i), Tp(Be±) = B, we obtain: 

h{Bei) = exp /Tn(K) (B)) 
= e B e 1 . 

Hence 

h(g ei ) = exp(g)ei = G + (ei), by Lemma ETUI (i). 
(iii): we apply the same proof as for (1), (iv) above. □ 

Corollary 6.5. Let G be an abelian subgroup o/T*(C). Then: 



(1) // G(e x ) / then f := ip' 1 o exp /Tn{c) o ^ : C n — ► C n is weZZ 
defined and satisfies 

(i) f is a continuous open map 

(ii) f(Bei) = e B e\ for every B 6 C(G). In particular, f{g ei ) = 
G(e x ). 

(iii) r 1 (G(e 1 )) = g ei . 

(iv) /(C n ) = C* x C"- 1 . 

o 

(2) I/g77 7^ then h := V> ° ex P/j„(c) ° V 7 : C n — > C™ is we// defined 
and satisfies 

(i) h is a continuous open map 

(ii) h(Bei) = e B e x for every B € C(g). In particular, h(g ei ) = 
G(e x ). 

(iii) /i(C n ) = C* x C"- 1 . 



Proo/. Proo/ o/ (1). Since G(e{) ± then by Lemma E3 G(e x ) = C". So 
(by Corollary 6.5, in [2]), / := ip' 1 o exp/ Tn ( C ) o ip : C n — > C" is well 
defined and satisfies (i) and (iii). 

(ii): By ([2], Corollary 3.7), exp/ Tn( - C ) : T n (C) — )• T*(C) is a local diffeo- 
morphism. Hence / is a local diffeomorphism and therefore / is a continuous 
open map. By Corollary 15.31 (p(Bei) = B, for every B £ C(G). Therefore, 
for every B 6 C(G), we have 

f{Be x ) = ip' 1 exp /Tn(R) (B)) 
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(iv): First, we have ^ _1 (C(G) n T*(C)) = C* x C n ~ l : indeed, by Propo- 
sition [521 (i)) for every v = [vi, . . . ,v n ] T G C n , we have tp(v) G T n (C) and 
y(«)ei = so has the following form 



<p(v) 



Vl 

V 2 Vl 



It follows that (p(v) G T* (C) if and only if v x / 0, that is v G C* x C™" 1 . By 
Lemma EM ¥?(C n ) = C(G), it follows that ^ _1 (C(G) n T* (C)) = C* x C n -\ 
Now, as <p : C n — > C(G) is an isomorphism then 

h(C n ) = VP" 1 [exp /Tre(c) (C(G)) 

= <p~\C(G) nT*(C)),by ([2|, Lemma 4.2, ii)) 



(2): Similar considerations apply for g ei ^ and by using (Corollary 6.4, 
in [2j). □ 



7. Locally dense orbit for subgroups of JC* S 



7.1. Case where G is a subgroup of 

Let G be an abelian subgroup of B^(R). In this case G + = G. Recall that 
H = {(u,u) : u G C m } C C 2m and that for every B G G, 

S' := Q^flQ = diag (fli, 1[ 

where S[ G TJ n (C) and Q G GL(2m, C) is the matrix of basis change 
from B to C . Moreover, Q~ 1 (R 2m ) = H (see Lemma [43]). Denote by 
G[ := {B[ G T^(C) : B G G}. Then G; is an abelian subgroup of T^(C). 

Proposition 7.1. Xei G oe an abelian subgroup o/B™(R). 



p2m 



R 2m satisfying 



(1) // G(ei) i/ien i/iere exists a map f : 

(i) / is continuous and open 

(ii) /(5ei) = e B ei for every B G C(G). 

(iii) r 1 (G(e 1 )) = g ei . 

(iv) f(R 2m ) = (R 2 \{(0,0)}) x R 2m ~ 2 . 

o 

(2) // gTj" 7^ then there exists a map h : R 

(i) h is continuous and open 

(ii) h(Bei) = e B e\ for every B G C(g). In particular, /i(g ei 
G( ei ). 



d2?« 



satisfying 
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(iii) h(R 2m ) = (M 2 \{(0,0)}) x R 2m ~ 2 . 



Proof. Suppose that G{e\) ^ 0. The proof for g ei ^ is analogous. By 
Lemma B~3l we have Q~ 1 {e\) = (e^, e[) = (e[, e[), where e[ = [1, 0, ... , 0] T G 
C m . Write G' := Q^GQ C GL(2m,C). Then CVi^'i) = Q~ l (G{ei)) = 

O 

{(u,u) : u G Gi(ei)} C H. Hence G'( 

e i> e i) 7^ an d H is G'-invariant. 
Define pi : H — > C m by pi(tt,«) = u. We have pi (G'(ei,ei)) = G?i(ei). 

/ ° \ 

Since pi is open and continuous, it follows that 7^ Pi G^e^e^) C 



G\(ei), hence G^e^) / 0. By Corollary 16.51 there exists a continuous open 
map h : C m — ► C m that satisfies fi(B[e[) = e B '^ x for every B[ G C(Gi) 
and /fViCe'i)) = §'14 wh ere gi = exp^ m(c) (G'i)- Let / : H -> H 
defined by J(u,u) = (fi(u), J^aj) and set / := QofoQ- 1 : M 2m — > M 2m . 
The map / is continuous and open, so is /. For every B G C(G), we have 
B[ G C(G[) and then 

f{Be x ) = Qof(Q-\B ei )) = Q (/i^ei), = Q(e B '^ x ^x) = e B e v 

Set F := (7) _1 (G'(ei,ei))- We have 

F = {(z,z): z £ f-\ G [(e[)} 
= {(z,z): ze (g^,} 

= {(B' 1 e' 1 ,Wi)-- B[€g[} 

= {B'ie'^e'J : B' = diag(^,l[) G Q^gQ}. 

Then 

r 1 ^)) =Q((/)- 1 (Q- 1 (G(e 1 )))) 
= Q((/r 1 (G'(e' 1 ,e' 1 ))) 
= W 

= {B ei : Beg} 
= gej 

Finally, /(M 2m ) = Qofo Q-^M 2 ™) = Q o /(#) = : u G C* x 

C"»-i}) = (M 2 \{(0, 0)}) x M 2m ~ 2 . This completes the proof. □ 
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7.2. Case where G is a subgroup of K* S (K). 
Denote by 

• G k = G /Ek := {M k : M G G} (reap. G t = G /Fl := {M, : M G G}), 

1 < < r, 1 < Z < s, where M = diag(Mi, . . . , M r ; Mi, ... , M a ), with 
M fe G T* fe (M) and Mj G B^(R). Then G fc (resp. (5;) is an abelian subgroup 
ofT* fc (K) (resp. B^(R)). ' 

•gfc = g/£ fc —exp-^GfcjDT^OR) and g, = g/F, := exp _1 (G^) n B m ,(R). 

Recall that uo = [ci.i, • • • > e r,i> /l,i,..,/i/e«" where 

e M = [1,0,..., 0] T el"', / M = [1,0,..., 0] T eR 2m ', 1 < k < r, 1 < I < s. 



Theorem 7.2. Let G be an abelian subgroup of /C* . 



'1) // G(uq) 7^ then there exists a map f : 

(i) / is continuous and open 

(ii) f(Buo) = e B uo for every B G C(G). 

(iii) f- 1 (G+(u ))=g U0 . 



satisfying 



iv 



i n satisfying 



(2) If g^ i/ien there exists a map h : M. n — 

(i) h is continuous and open 

(ii) h(Buo) = e B uo for every B G C(g). in particular, h(g. 
G+(u Q ). 



«0 ; 



(iii) 



Proof. Let's prove the theorem for G(uq) ^ 0. The proof for g Uo 7^ is 



analogous. We have G/ Fk (e kj i) $ and Gi Fl (fi t \) 7^ 0. By Corollary [6 
(resp. Proposition 17. ip . there exists a continuous open map 

fk ■= f/E k ■ K nfe — ► M"Hresp. I := f /Fl : K 2mfc — » 
satisfying, for every k = 1, . . . ,r, I = 1, . . . , s: 
fk(B k (e k)1 )) = e B *e kA , f k HG+(e kA )) = (g k )e k ^nd f k (R nk ) ■- 

(resp. Imki)) = e B 'fi A , (fi)~ l (Gi(fi,i)) = and fi(R 2mi ) = (M 2 \{(0,0)}) 

where B k = B/ Ek and Bi = B/ F . Let / : W 1 — > W 1 denote the map 
defined by 



r>n fe — 1 



f( V ) = /lh)v)/rW; fl(vi), ■ ■ ■ , fs(v s ) 



[Vl, 



,v r ; vi, 



,v s ] T G 



2m ' , k = 1, . . . , r, / = 1, . . . , s. Thus / is a continuous 



where v k G M nfc , G 
open map satisfying 

f(Bu ) = e B u , / _1 (G + (n )) = g no and 
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□ 



8. Proof of main results 

Proof of Theorem One can assume by Proposition 12.61 that G is an 
abelian subgroup of K,* S (R). 
(ii) (i): is clear. 

(i) ==> (ii): this follows directly from Lemma 14.101 

(Hi) ==> (ii): suppose that g^ = W 1 . Then by Theorem 17,21 there exists 
a continuous open map h : M n — > W 1 such that h(g UQ ) = G + (uo) and 
n ) = C UQ . Hence, one has: 



C m = h(g^) C G+(u ) C G(u Q ) 



Therefore, G(u ) + 0. 



(ii) =>• (Hi): suppose that G(uq) ^ 0. By Theorem 17.21 there exists a 
continuous open map / : W 1 — > W 1 such that f~ 1 (G + (uo)) = g UQ . By 



Proposition [481 (i), G+(u ) / 0. Then by Lemma|47l G+(u )nC U0 = C UQ , 



so G + (uq) = C Uo D C UQ , and by Theorem 17.21 (iv), it follows that 

M n = r\c UQ ) c r 1 (g+m) c FWW) c w 

Hence, g^ = R n . □ 

Proof of Corollary One can assume by Proposition 12.61 that G C 
/C* S (R), in this case t>o = Uo- (*) (**) follows directly from Lemma l4.10i 
(Hi) =>■ (ii): Suppose that g^" = M n and ind(G) = r. Then by Theo- 



rem O G(u ) / 0. By Corollary H2J G(u ) = R n 

(zi) ==> (m) : results from Proposition 14.81 (ii). □ 

Proof of Corollary 1 1.31 This follows directly from Corollarv ll.2l bv taking 
uq = ei. 

Proposition 8.1. Let G be an abelian subgroup ofJC^ rs (R) and let Bi, . . . , B p 6 

/C,j jr)S (R) suc/i i/mi e Bl , . . . , e Bp generate G. Then we have 



fc=l k=l 

□ 
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Proof. • First we determine g. Let M6g. Then 

M = diag(M 1; ...,M r ; Mi,...,M s )e /C W (M) 

and e M G G. So e A/ = e klBl . . . e hpBp for some ki,...,k p G Z. Since 
B±,...,B p G g, they pairwise commute (Lemma 13.101 (iv)). Therefore 
e M _ efcl ij 1+ ... + fc pJ B p _ Write ^. _ diag(J3 i) i,...,B iiP ; B jtl , . . . , B jtS ), then 



gMi _ gfciBi^H hfcp-Bp,-, 



1 , . . . , r and e Mi 



gfa-Bi^H hkpBpj i _ ^ 



,s. 

Moreover, as M G g, we have MSj = -BjM and hence MiBji = Bj^Mi, 
i = 1, . . . , r and M\Bj i = BjjMi, I = 1, . . . , r, j = 1, . . . ,p. It follows by 

Proposition 13.61 that Mi = kiBi^ + • • • + k p B p ^ and M; = k±Bi t i H + 

k p B P; i + 2-KtiJ mi for some tj G Z where J mi = diag( J2, . . . , J2) G GL(2 mi , R) 
"0 -1 



with J2 



1 



Therefore 



M = diag y^fej-B^i, . . . , ^^kjBjy, ^^kj^j,l + 2ixt\J % 



mi ) • • • j 



i=i 



3=1 



^kjBj + diag(0, ... ,0; 27riiJ mi! . . . ,2irt p J mp ). 



Set 



where 



L; := diag(0, . . . ,0;L Zi i, . . . ,L ty 



G 

Jmi 



if i^l 

if i = l 



Then we have diag(0, ... ,0; 27rtiJ mi , . . . ,2nt p J mp ) = ^27rfyL/ and there- 
in 

p s p s 

fore M = kjBj + Y.^iU- We conclude that g = E ZJ3 3 - + 2ttX)ZL i . 
3=1 1=1 3=1 1=1 

p s 

• Second, we determine g UQ . Let B G g. We have B = ^2kjBj + 2ttY^ULi 

for some k\, . . . ,k p G Z, and £1, . . . , £ s G Z. As Liif^i = ff \ i = 1, . . . , s 
then 



L^o = diag(0, ... ,0; L^i, . . . , Li >s )[ei,i, ■ ■ ■ ,e r ,i] fi,i, ■ ■ ■ , fs,i] T 

= [0,...,0;/ 1 W ,...,/ir 
= / (0. 
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p r V 

Hence Bu = Y^kjBjUo + 27r]T)ij/® and therefore g uo = ^2Z(BjUo) + 

j=l 1=1 j=l 



27r£z/ w . This proves the Proposition. 

1=1 



□ 



Lemma 8.2. Let G be an abelian subgroup o//C* rs (R). Then: 



G(uq) ^ if and only if G 2 (uq) ^ 



Proof, (i) Suppose that G 2 (uq) ^ 0. Since G 2 (uq) C G(uq), it follows that 



G(uq) 0. Conversely, suppose that G(uq) ^ 0. Then by Theorem II .14 



1 . As g C -g 2 (since if B e g, we have e 



I g 2 



and so g 2 



■■«o 



subgroup G , it follows that G 2 (ito) 7^ 



2B = ( e B)2 G G 2 ); then 

By applying Theorem 11.11 to the abelian 

□ 



Corollary 8.3. Let G be an abelian subgroup of K% r B (R) . Then G has a 
locally dense orbit if and only if so is G 2 . 



Proof. This is a consequence from Lemmas 14.101 and 18.2 



□ 



Proof of Theorem \l-4\ One can assume by Proposition 12.61 that G is an 
abelian subgroup of tC* s (M). By applying Theorem 11.11 to the subgroup 
G 2 of /C+ rs (K), then (ii) 44> (in) follows from Proposition 18.11 and Lemma 



i) 44> (ii) follows from Theorem II .![ 
Recall the following proposition which was proven in [9]: 

Proposition 8.4. (jSJ, Proposition 4-3) Let H = 7Lu\ + ••• + Zu m with 
Ufs = ( u k,i, ■ ■ ■ , u k,n) £ R n > k = 1, . . . ,m. Then H is dense in R" if and 
only if for every (s\, . . . , s m ) G Z m \{0}: 



/ 



rank 



1*1,1 

«l,n 
si 



«m,l 



71+ 1. 



Proof of Corollary \1.5l (i) ==>• (in) follows from Corollary 11.21 and The- 
orem 11.41 (Hi) ==> (i) follows from Corollary 11.21 (ii) <^=^ (Hi) follows 
from Proposition 18.41 □ 

Proof of Corollary \1.6l Let Ai, . . . ,A p generate G and let B\, . . . , B p G g 
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so that A\ = e Bl , . . . , Al = e Bp . Set v k = (B k v ; s k ) and wi = (2TrPf l ; U), 



1 < k < p, 1 < I < s. If p < n — s then rank(fi, . 



Wl, 



,w s ) < n 



and hence by Proposition 18,41 g 2 Q = ^Z(BfcUo) + ^2ttZP/W is not dense 

k=l 1=1 

in R n . Hence, by Theorem 11.41 G has nowhere dense orbit, in particular, it 
is not topologically transitive. □ 



n+l" 



^ 2 — 



Proof of Corollary \1.7\ Since r+2s < n, it follows that p+s < [ 
n + < n + i. Hence, p + s < n and therefore Corollary 11.71 follows from 
Corollary E0 □ 



9. The case n = 2 and some examples 



For a given partition 77 = (ni, . . . , n r ) of n, we see that r,s£ {0, 1, 2} and 
rii G {0, 1, 2}. In this case, we have /C^ 10 (1R) = T£(R), C x 1} 2 (R) = B|( 



and /C? o 1 



8* where 



a 
6 



: a, b G 



a 
6 a 



: a, 6 G R,a ± 



and 



(3 a 



: a,/3 G R, a 2 + /3 2 7^ 



Note that B£(R), T* 2 (R) and §* are all abelian. 

Let G be a subgroup of /C* S (R), r, s = 0, 1, 2. We distinguish three cases: 



Case 1; G is a subgroup o/B^ 
tion. 



Then we have the following proposi- 



Proposition 9.1. Let A k = diag(Afc, /i k ), where X k , \x k G R*, k = 1, . . . ,p 

and G be the group that they generate. Then G has a dense orbit if and only 
if ind(G) = 2 and for every (s l5 . . . , s p ) G Z p \{0}: 

2 log I Ai| ... 2 log I A p I 
rank I 2 log | ... 21og|/i p | | =3. 
si ... s p 



Proof We let Pfe = diag(21og |Afc|, 21og k = l,...,p. One has e Bk = 

A 2 k and B k G B^(R), k = 1, . . . ,p. Then B k G g and by Corollary E3 the 
proposition follows. □ 
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Example 9.2. Let G be the group generated by: 

A\ = diag(— e~~^ , 1), A 2 = diag(l, — ea ) and A3 = diag(e~~^, e~~^). 
Then every orbit in R* x R* is dense in R 2 . 



Proof. We see that ind(G) = 2 and U = R* x 
(si,S2,S3) G Z 3 \{0}, one has the determinant: 



. Moreover, for every 

51^+2^2 + 83^ 



\/2 -\/3 
A = det 1 -V2 

si s 2 s 3 

Since 2, y2 and \/3 are rationally independent, Therefore: 

/ T V2 -\/3 
rank 1 -y/2 
\ I si s 2 s 3 

and by Proposition 18.11 G has a dense orbit. We conclude by Corollary 14. 5\ 
that every orbit in R* x R* is dense in R 2 . □ 



Case 2: G is a subgroup o/T^R). Then we have the following proposition. 



Proposition 9.3. Let A^ 



where A& G R* , G R, 



A fc 
A^fc Afc 

1, . . . ,p and G be the group that they generate. Then G has a dense orbit if 
and only if ind(G) = 1 and for every (si, . . . , s p ) G Z p \{0}: 



rank 



2 log I Ai| 
2^ 

Ai 
■Si 



2 log |Ap 



2 /£p 



3. 



Proof. We let 5* 



21og|A fc | 
2 it 21 °gl^l 



has e Bk = A\ and S fe G T 2 (R). Then B fc G g. 
from Corollary 11.51 



G T 2 (R), k = l,...,p. One 

The proposition follows then 

□ 



Example 9.4. Let G be the group generated by: 



,V2 







-e 

-e^ 
Then every orbit in R* x 



1 
1 1 

is dense in R 



and A? 
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Proof. We see that ind(G) = 1 since r = 1 and —e^ is an eigenvalue of A%, 
U = R* x R and for every (s 1 ,s 2 , s 3 ) G Z 3 \{0}: 

2^ -2^/3 
t-ajik | 2 -2V2 
si S2 «3 



So G has a dense orbit. By Corollary 14.51 every orbit in R* x 



is dense in 
□ 



Case 3: G is a subgroup of S* . Then we have the following proposition. 



Proposition 9.5. Let = |A&| 



where At £ R*, £ 



cos 8k — sin 9k 
sin Oj, cos 9j, 

R, k = l,...,p and G the group that they generate. Then G has a dense 
orbit if and only if for every (s\, . . . , s p ) G Z p+1 \{0}: 



rank 



2 log I Ai| 
26»i 
si 



21og|AJ 



29 „ 



2tt 

t 



3. 



Proof. We see that G C JB^ 
~21og|A fc | -2fl fc 
20 fc 21og|A fe | 
and -B/t G S. By Corollary 11.51 Proposition 19.51 follows 



Bk 



§* and so ind(G) = r = 0. We let 
. For every k = 1, . . . ,p, one has e Bk = A\ 

□ 



Example 9.6. Let G be the group generated by: 



Ax = e 



cos (— v3) — sin (— \/3) 
sin ( — v3j cos (— v3) 

p2\ rrn ri^oo ;^ m>2 



and ^2 = e 



v/3 



COS \/2 - sin V2 
sin \/2 cosv 7 ^ 



Then every orbit in R \{0} is dense in 



Proof. We see that Gc§* and so ind(G) = r = 0. For every (si,S2,t) G 
Z 3 \{0}, one has the determinant: 

4vr(v / 3,si - V2s 2 ) + ^t / 0. 



det 

It follows that 



-2y/3 -2V2 2ir 

Sl S 2 t 



rank 



2V2 2V3 

-2^3 -2^2 2vr 

Sl S 2 t 



By Corollary 11.51 G has a dense orbit. Since U = 
Corollary 14.51 that every orbit in R 2 \{0} is dense in 



2 \{0}, it follows by 
□ 
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Corollary 9.7. If G is a finitely generated abelian subgroup of SL(2,M), it 
is not topologically transitive. 



Proof. One can assume by Proposition 12.61 that G is a subgroup of B?; 
T|(M) or S*. Let A 1} . . . , A p generate G. 

- If G C ©2(^)1 then, one can write Ak = diag(Afc,^), where Xk G 
k = 1, . . . ,p. Then log j- = 
dense orbit. 

- If G C T^M), then one can write Ak 



log I Afc I and by Proposition 19.11 G has no 
, where fik G K and 



A fc 

|Afc| = 1, k = 1, . . . ,p. Then log |Afc| = and by Proposition 19.31 G has no 
dense orbit. 

- If G C S*, then one can write 



A, 



cos Ok — sin 6k 
sin 9k cos 6k 



where 6k G K and |Afe| = 1, k = 1, . . . ,p. Then log |Afc| = and by Proposi- 
tion [931 G has no dense orbit. □ 



Remark 2. We proved in ([2], Corollary 1.5), that no abelian subgroup 
of GL(n, C) generated by n matrices (n > 1) is topological transitive. 
Example 19.61 shows that this property is not true for abelian subgroup of 
GL(2,K). The following is another example for n = 4: 

Example 9.8. Let G be the abelian group generated by: 



Ax 



e4vr cos^j 
efa smy 



— e^vr sm^J 
e** cos(^) 







e 2 cos( 
e~ sin(^) 



-e a 6 sin(^) 
e^r cosf^ 



"2" ^ J 



A 2 = diag(y / e/2, ^2) and ^4 3 = diag(7 2 , Vel 2 ). 
Then every orbit in (IR 2 \{0}) 2 is dense in M 4 . 



Proof. We see that G C /C* A2 (R) = B*(R) ©B^(M) where 7/ = (2,2). Hence 
ind(G) = and U = QR 2 \{0}) 2 . Write 
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yj _i 
i y_I 

1 2tt 





V2 v% 



B 2 = diag(J 2 , 2 ) and B 3 = diag(0 2 , h) 



where 2 = 
One has e Bk 








G M 2 



have 



A\, k = 1,2,3. For every (s!, s 2 , s 3 ,t 1 ,t 2 ) G Z 5 \{0}, we 



A 



yj 

1 

L si 



1 






S2 S 3 





2tt 









2vr 



= 7r(7r(-4si + 4V5s 3 ) + 2y / 3s 2 + 2ti + 2>/2t 2 ) 
Since 7r is a transcendent number, It follows that 



rank 



1 



VL -i 



i 

o 






S2 S 3 





2tt 



h 



By Corollary 11.51 G has a dense orbit in 
in (K 2 \{0}) 2 is dense in M 4 . 







••■ 

2vr 

t 4 . By Corollary 14.51 every orbit 

□ 



10. Appendix 

Proof of Lemma \3.1[ • Let's show first that 

Ker(e B - e"J n ) C Ker(e iS - e^/ n ) for all t G R 

Let v G Ker(e B — e^J n ). Then for all m G N, one has 

rt = ft (1). 

For all i = 1, . . . , n, denote by Pi(i) =< e~ tfl (e tB — e ttJj I n )v, ej >, where 
<, > is the scalar product on M n . Write N = B — [j,I n . Then N is nilpotent 
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and then for all t G R, 



,tiV 



4 = E 



fc=l 



A:! 



It follows that Pj is a polynomial of degree at most n. 

According to (1), one has Pi{m) = for all m G N and i = l..,n. Therefore 
(e* B - e^I„)u = 0, for all t G R and so v G Ker(e* B - e^/ n ), for all t G R. 

• Proof of (i): Let's prove that Ker(£? — /zl n ) = Ker(e B — e^I n ) 

For any v G Ker(e s — e^I n ), denote by ip v : t — > (e tB — e tfJ, I n )v, one has 

ip v (t) = for all t G R. Thus ^(i) = (Se*- 8 - fj,e^I n )v = for all t G R. 

In particular for t = 0, (-B — nl n )v = and so u G Ker(£? — //In), this proves 

that 

Ker(e B - e^J n ) C Ker(5 - (2). 
Conversely, let v G Kei(B — fj,l n ). Then Bv = \iv and so 



e B v 



+oo g k 



t ^ u +°° ^k 



k=0 k=0 

thus v G Ker(e B — e^J n ), this proves that 

i^er(5 - nl n ) C Ker(e B - ePI n ) (3). 
It follows from (2) and (3), that Ker(£ - (il n ) = Ker(e B - e*»I n ). 

• Proof of (ii): The proof is done by induction on n. For n = 1, it is 
obvious. Suppose that (ii) is true until the order n — 1 and let 5 G M n 
having only one eigenvalue \i so that e B G T+(R). By (i), one has 

Ker(B - nl n ) = Ker(e s - eT n ) 



Since e n G Ker(e s — e^I n ) 7 so e n G Ker(£? — /u/ n ) and one can write 



B 



B« 



and 



(e B )W 



with (e B )W G M„_i(R) and #W G M n _i 



Since e B G T+(R), it follows that (e B )^ G T+_ X (R). By the induction 
hypothesis, G T n _i(M) and so B G T n (R). □ 



Proof of Proposition \3.SX The proof is a consequence of the following 
results. 

(i) exp(T„(R)) = T+(R). 
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(ii) exp(T n (C)) = T* (C). 

(iii) exp(B m (R)) = M* m (R) for every m G No- 



Proof of (i): Let A G T n (R) with eigenvalue A. Then e A G T„(R) with 
eigenvalue e A > 0. Hence e A G T+(R) and therefore exp(T n (R)) C T+(R). 
Conversely, let A G T+(R) and J = diag(Ji, . . . , J r ) G T+(M) its reduced 

A 



Jordan form where Ju 



1 





G T+ (R) if n k > 2 and 



_ . . . 1 A 

J fc = (A) if n fc = 1. 

Since A > 0, there exists \i G R, such that e M = A. Denote by 

J' = diag(J(,...,j;)GT+i 

where 

\i 
1 

"-. 



4 



... 
Then e J ' = diag(e J i, . 



G T nfc (R) if n k > 2 and J k = (//) if n fc = 1. 



1 ^ 
, e Jr ) with 



K-2)! 



\ 1 1 



One can check that dim ^Ker(e J fe — e^I nk )j = 1, which gives that the re- 
duced Jordan form associated to e J 'k is 





1 





1 



= Jk, for all k = 1 , . . . , r. 



Thus there exists G GL(rifc,R) such that Pfce J feP, 1 = for all = 
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1, . . . ,r. Denote by P = diag(Pi, . . . , P r ), one has Pe J 'p- x = J. 
As J is the reduced Jordan form associated to A then there exists Q G 
GL(n,R) such that QAQ~ l = J. It follows that e B = A where B = 
Q^ 1 PJ' P~ 1 Q having only eigenvalue [i. By Lemma 13.11 (ii), B G T n (R). 
This proves the other inclusion T+(R) C exp(T n (R)). 

Proof of (ii): the proof is analogous to that of (i). 

Proof of (Hi): By Lemma 12. 3} there exists Q € GL(m,C) such that 
Q -1 l m (R)Q C T m (C) T m (C). 
So 

exp(B m (R)) C Q (exp (T m (C)) exp (T m (C))) Q~ X . 
By (ii),exp(T m (C)) = T^(C),so 

exp(B m (R)) C Q (T* m (C) T^(C)) Q' 1 = M* m (R). 

Conversely, let A £ B^(R), by Lemma [273], there exist Q £ GL(m, C) such 
that Q~ l AQ = diag(Ai,17), where A 1 £ T* m (C). By (ii), there exists 
Bi £ T m (C) such that e Bl = At. Set B = Qdiag(5i, Bx)Q~ x . Then 
B £ B m (R) 
and 

e B = Qdmg(e Bl ,1^)Q~ X = Qdiag(A 1 ,^)Q- 1 = A. 
This completes the proof. □ 



Proof of Proposition \3.3\ We need the following Lemma: 

Lemma 10.1. Let A, B £ T n (K) (K = R or C) so that e A e B = e B e A . 
Then: 

(i) e tA e tB = e tB e tA , for all t£R 

(ii) AB = BA 



Proof. • Proof of (i): 

Step 1. We prove by induction on m that for all m £ N*, one has 

e mA e B = e B e mA ^ 

For m = 1, the formula (*) is obvious by hypothesis. Supposed that (*) is 
true for m — 1 and let A, B £ T n (lC) so that e A e B = e B e A . We have: 

e mA e B = e (m-l)A e A e B = ^m-^A^^ = & B e (m-l) A & A = & B e mA _ 



Step 2. We prove that for all t £ R, one has e e = e e , where 
= j4 — A/ n and M = B — fj,I n , A (resp. /x) is the only eigenvalue of A 
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(resp. B). 

Since N and M are nilpotent of order n, so for all t G R, one has 
e tN = T t -^C- and e™ = ff M '' 



^ k\ ^ k\ 

k=0 k=0 



Thus 



e tN e tM _ e tM e tN 



(*0O'0 ~ (i!)(j!) 



n n 



t i+ i(N' l Mi - M" l Ni) 
i=0i=0 v /u ' 

For all 1 < i,j < n, the function Pij : R — )• K, defined by Pi,j(t) =< 
(e tN e tM — e tM e tN )ei, ej > is a polynomial of degree < 2n, where <, > is 
the scalar product on ~K n . By step 1, one has for all 1 < i,j < n and all 
m G N, Pij(m) = 0, thus for all 1 < i,j < n, Pi j = 0. It follows that for all 
t £1, e tN e tM = e tM e tN . 

Step 3. Since A = N + \I n and B = M + fil n , we have e tA = e tx e tN and 
e tB = e t ^e tM , and by step 2, we have e tA e tB = e tB e tA . The proof is com- 
plete. 

• Proof of (ii): denote by R T*(R) defined by = e tA e tB e- tA e~ tB . 
According to (i), one has for all t G R, = I n . In particular, the second 
derivative of vanishes. We have 

d ®( f ) _ A , „<A D „-tA „tB A-tB 



A + e tA Be~ tA - e w Ae~ w - B, Vi G R. 

<9i 

and 

= 4e M Be- a - e tA BAe~ tA - Be tB Ae~ tB + e^ABe"^, Vi G R. 

C/i 

Then for t = 0, one has fjr(0) = 2(AB - BA) = 0, hence = BA. □ 

Proo/ of Proposition \3J\ Let 4,Be /C^^R) such that e A e B = e B e A . 
Write ^4 = diag(^i, . . . , A r \A x ^ . . , Ag) and B = diag(Bx, . . . , B r ; Bi, . . . , B s 

So e Ak e Bk = e Bk e Ak and e Al e Bl = e B 'e Al , k = 1, . . . , r, I = 1, . . . , s. By 
(ii), A^Bk = B^A^, k = l,...,r. By Lemma 12.31 for every / = l,...,s, 
there exists Qi G GL(2mi,C) such that A[ = Q^AiQi = diag(A; 1 ,^ 1 ) 
and B[ = Q^BiQi = diag^, By, where A' 1 ,B[ G T mj (C). We see that 
e A 'i = Qj x e Al Q\ and eP'i = Qj l e Bl Qi. Since e A 'ie B i = e B U A 'i, we have 
e A 'i,i e B l,i = e B 'i.i e A 'i,i. By (ii), A\ X B' X1 = B' lA A' lA , so A\B\ = B[A\, and so 
A\B\ = B t Ai, k = l,...,s. We conclude that AB = BA. □ 
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Proof of Lemma \3.4\ Let M G T n (C). Since M is nilpotent of order n, 

n k k 

so for all t G R, one has e* M = ^ * . For all 1 < i,j < n, the function 

fc=o 

Pij : R — >• C, defined by Pij(t) =< (e tM — I n )^i, £j > is a polynomial 
of degree < 2n. We have P,j(m) = 0, for every m > n. Therefore, for all 
1 < < n and all m G N, Pij(m) = 0, thus for all 1 < i,j < n, P^j = 0. 
It follows that for all t G R, e tM = I n . By derivation, one has Me tlvI = 0, 
for all t G R, in particular, for t = 0, M = 0. This completes the proof. □ 
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